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Using frequency-domain finite element calculations cross-checked with micromagnetic simulations, we
demonstrate that the phase of spin waves reflected from an interface between a permalloy film and a bi-
layer can be controlled changing dimensions of the bilayer. Treating the bilayer formed by the permalloy
film and a ferromagnetic stripe as a segment of a multi-mode waveguide, we show that spin-wave Fabry-
Perot resonances of one of its modes are responsible for the high sensitivity of the phase of reflected waves
to stripe width and the stripe-film separation. The bilayer can be treated as a magnonic counterpart of a
metasurface since it enables manipulation of the phase of spin waves at subwavelength distances. Knowl-
edge gained from these calculations might be used to design magnonic devices such as flat lenses for spin
waves or detectors based on surface plasmon resonances phenomenon.
I. INTRODUCTION
The recent years have been marked by a rapidly growing
demand for interconnected mobile devices. This emerging
ecosystem of connected devices, preferably communicating
wirelessly, is referred to as the Internet of Things. There are
estimations that within the next few years, the number of
WiFi-enabled devices will be at least four times larger than
the total population of the world [1]. One of the essential
components of the Internet of Things are small and energeti-
cally efficient devices processing signals converted from and
then back to microwaves. In this field, the application of spin
waves (SWs), which are collective disturbances of magnetiza-
tion propagating in the same frequence range as microwaves
and thus able to couple to them, opens up a new opportu-
nity to increase the efficiency of these devices. Compared to
existing microwave devices, SW components offer prospects
for increased miniaturization (SWs have wavelengths 3–5 or-
ders of magnitude shorter than microwaves of the same fre-
quency), easy external control of SW signals, reprogramma-
bility, and small energy demands due to lack of Joule heating
related with SWs propagation [2–4].
In order to use any kind of waves as an information carrier,
efficient methods of their excitation and control over their
amplitude and phase must be developed. In modern photon-
ics, arrays of nanostructured antennas absorbing and reemit-
ting modified electromagnetic waves have recently made a
breakthrough in control the phase (and amplitude) of re-
flected or transmitted waves at subwavelength distances [5,
6]. These arrays of nanoantennas, called metasurfaces, are
used to obtain anomalous refraction of incident waves or to
design flat, ultra-narrow lenses able to focus waves. More-
over, such nanostructured antennas can serve as color fil-
ters that can be used to produce silicon- or metallic-based
color pixels for printing purposes as a replacement of chem-
ical dyes [7, 8].
There are several reports on the coupling of small magnetic
elements with an uniform film. Kruglyak et al. have demon-
strated that a narrow ferromagnetic element placed on top
of a magnetic waveguide can be used to emit SWs, to con-
trol the phase of SWs passing below the resonator, and un-
der some conditions even to absorb the energy of propagat-
ing SWs [9–11]. Yu at al. have demonstrated the chiral exci-
tation of SWs in the thin film through the dipolar coupling
with a single nanowire and the grating of nanowires excited
by a spatially uniform microwave-frequency magnetic field
[12, 13]. Subsequently, the existence of Fano resonances and
their influence on the amplitude and phase of transmitted
waves in a single-mode waveguide has been further studied
by Al et al. [14], and Zhang et al. have demonstrated the appli-
cation of a single dynamically tunable resonator in zero bias
field placed on top of a waveguide to tune the phase of the
transmitted SWs [15]. A grating coupler made up of an array
of resonators has been used to excite short-wavelength SWs
[16, 17], and Graczyk et al. [18] have demonstrated that dy-
namical coupling of a homogeneous ferromagnetic film with
a periodic array of ferromagnetic stripes placed underneath
can lead to the formation of a magnonic band structure in
the film. However, the effect of the resonator on the phase
of the reflected or transmitted wave has not yet been stud-
ied in magnonics, moreover, the conditions for the existence
of Fabry-Perot resonances and their effect on the SW remain
almost unexplored [19], while both may be key to creating a
magnonic metasurface.
In this work, we investigate theoretically the interaction of
a narrow, subwavelength-width stripe placed above the edge
of the homogeneously magnetized film supporting propa-
gating SWs and its influence on the phase of reflected SWs.
Using frequency-domain finite-element calculations and mi-
cromagnetic simulations we find that this shift depends on
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Figure 1. Geometry of the system used in simulations. A ferromag-
netic stripe of width w and thickness d2 is separated from a semi-
infinite permalloy film of thickness d1 by a distance s . The right
edges of both layers are aligned at x =w . The whole system is placed
in vacuum in an external magnetic field µ0H0 = 0.1 parallel to the
y axis. The geometry of the system is independent from y .
the width of the stripe in a non-trivial way: an overall slow
and steady increase of the phase shift with stripe width is re-
peatedly interrupted by sharp phase jumps by 360◦. Treating
the stripe and the underlying film as a non-reciprocal waveg-
uide supporting two pairs of counter-propagating modes, we
formulate a semi-analytical model that explains this behav-
ior as a consequence of Fabry-Perot resonances produced by
one of these mode pairs. We also show that by varying the
film-stripe separation it is possible to switch between res-
onances of different order. Our results point to the impor-
tance of Fabry-Perot resonances appearing in locally bilay-
ered ferromagnetic elements, with potential applications for
the control of SW propagation in magnonic devices.
The paper is organized as follows. In Sec. II, we present the
geometry of the system under consideration and the numer-
ical methods used in our study. In Secs. III A–III C, we analyze
the key physical effects occurring in individual components
of the system of interest: SW dynamics in infinitely extended
films and bilayers, SW resonances in finite-width stripes and
SW reflection from edges of truncated films. In Secs. III D–
III F, which form the core of this work, we investigate SW re-
flection at the end of a film coupled to a finite-width stripe.
We show how interactions between parts of the system dis-
cussed in the previous subsections make the phase shift of
the reflected wave highly sensitive to stripe width and the
stripe-film separation. Our results are summarized in Sec. IV.
II. STRUCTURE AND METHODS
A. Structure under consideration
We consider a system composed of non-magnetic and fer-
romagnetic materials. Its geometry is independent of the
y coordinate and piecewise constant along x , as shown
schematically in Fig. 1. The system consists of a semi-infinite
permalloy (Py) film of thickness 50 nm and a ferromagnetic
stripe of thickness 40 nm and finite width w . Both elements
are separated by a distance s and their right edges are aligned
to x = w . Throughout the paper, we will vary the width w of
the stripe and its separation s from the film. We are interested
in manipulating the phase of the reflected SWs using sub-
wavelength elements; therefore the width of the stripe will
be smaller than or comparable to the wavelength of SWs in
the Py film at the frequency of operation. The system is mag-
netized by a uniform in-plane bias magnetic field of magni-
tude µ0H0 = 0.1 T directed along the y axis. In all calcula-
tions we have taken the saturation magnetization of the film
to be MS =760 kA/m and its exchange constant, A =13 pJ/m.
The stripe is made of a material (called FM2 from here on)
with MS =525 kA/m and A =30 pJ/m; lowering its saturation
magnetization and increasing the exchange constant with re-
spect to Py will allow us to exploit interactions of local res-
onances of the stripe with propagating waves in Py at fre-
quencies characteristic for the dipolar and dipole-exchange
SWs. Such a choice of the stripe’s material shifts the SW spec-
trum down and flattens the first band for lower wavevectors
with respect to the Py, as will be discussed in the next section.
The gyromagnetic ratio of both ferromagnets is γ=−176 rad
GHz/T.
B. Governing equations
The magnetization dynamics is described by the Landau-
Lifshitz equation:
∂t M=− |γ|µ01+α2

M×Heff+ αMS M× (M×Heff)

, (1)
where M is the magnetization vector, µ0 is the permeability
of vacuum, α is a dimensionless damping parameter, and
Heff =H0+Hm+Hex (2)
is the effective magnetic field. The latter is the sum of the ex-
ternal magnetic field H0, the magnetostatic field Hm, and the
isotropic Heisenberg exchange field Hex =∇ · (l 2∇M), where
l =
q
2A/(µ0M 2S ) is the exchange length. The magnetostatic
field fulfils the magnetostatic Maxwell’s equations
∇ · (M+Hm) =0, (3a)
∇×Hm =0; (3b)
the latter makes it possible to write it as Hm =−∇ϕ, where
ϕ is the magnetic scalar potential.
Assuming a harmonic time dependence [exp(−iωt )], zero
damping (α = 0) and alignment of the external magnetic
field H0 with the y axis, splitting the magnetization M
and magnetostatic field Hm into static (MS yˆ ,H0 yˆ ) and dy-
namic (radio-frequency) components (m = [mx ,0,mz ], hm =
[−∂xϕ,0,−∂zϕ]), linearizing the Landau-Lifshitz equation (1)
(applicable only in the ferromagnetic layers) and coupling it
with the Gauss law for magnetism, Eq. (3a) (applicable every-
where), we arrive at the following system of equations for the
magnetic potential ϕ and the dynamic magnetization com-
ponent m:
∂x (mx −∂xϕ)+∂z (mz −∂zϕ) =0, (4a)
∂xϕ−∇ · (l 2∇mx )+ H0MS mx +
iω
|γ|µ0MS mz =0, (4b)
∂zϕ−∇ · (l 2∇mz )+ H0MS mz −
iω
|γ|µ0MS mx =0. (4c)
3C. Numerical methods
We have used three complementary numerical methods
to study SW dynamics. First, we use micromagnetic simula-
tions performed in the open-source environment mumax3
[20], which solves the full Landau-Lifshitz equation [Eq. (1)]
with the finite-difference time-domain (FDTD) method. We
use this method to calculate the dispersion relations of SWs
and steady states obtainable after long continuous excitation
of SWs by a specified source. More details can be found in
Appendix A. The main disadvantage of this method is its high
computational cost. Resonant systems can take a long time to
reach steady state, and the cost of a single time step is pushed
up by the need to discretize the whole system on a uniform
grid whose resolution is dictated by the size of the smallest
geometric features.
In order to avoid these limitations, we rely primarily on cal-
culations using the frequency-domain finite element method
(FD-FEM). Its major advantage is the possibility of refining
the mesh locally, e.g. only around small geometric features,
rather than globally. In addition, it allows direct and fast cal-
culation of the eigenfrequencies and eigenmodes (mode pro-
files) of the system, which can be identified with its steady
states. To perform the calculations, we have used the COM-
SOL Multiphysics software to solve the linearized Landau-
Lifshitz equation coupled with the Gauss law, Eqs. (4), as de-
scribed in [21]. At the edges of the computational domain (far
from the ferromagnetic materials) the Dirichlet’s boundary
conditions, forcing the magnetic potential to vanish, are im-
posed.
In Sec. III E we formulate a semi-analytical model depen-
dent on the numerical values of scattering matrices asso-
ciated with interfaces separating SW waveguides with dif-
ferent cross-sections. To calculate these matrices, we used
the finite element modal method. In this method, Eq. (4) is
transformed into an eigenproblem whose solutions are the
wavenumbers and profiles of propagative and evanescent
modes of a particular x -invariant part of the system shown
in Fig. 1, e.g. the Py film or the Py/FM2 bilayer. This eigen-
problem is then discretized by expanding the magnetic po-
tential and dynamic magnetization in a finite-element basis
and solved numerically. Fields on each side of the interface
are represented as superpositions of the eigenmodes of the
respective parts calculated in the previous step. Finally, the
scattering matrix is obtained by imposing the standard conti-
nuity conditions on these fields and solving the resulting sys-
tem of equations for the excitation coefficients of outgoing
modes. This method, inspired by similar techniques used in
photonics [22], will be described in detail in a forthcoming
paper [23].
III. RESULTS
A. Dispersion relation of bilayers
Before we study the coupling of a film with a finite-width
stripe, let us first analyze the interaction between modes in
infinitely extended films, i.e., in bilayers composed of an in-
finite Py film separated by a non-magnetic gap from another
infinite film made of FM2. Two example dispersion relations
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Figure 2. (a)–(b) Dispersion relations calculated for two infinite
films made of Py and FM2 separated by non-magnetic gap of width
(a) 200 nm and (b) 10 nm. Colormaps in the background present
results obtained by means of micromagnetic simulations, whereas
green points correspond to the results of FD-FEM calculations. The
dashed blue and the dash-dotted red lines are the analytical disper-
sion relations of SWs supported by isolated FM2 and Py films, re-
spectively. The horizontal line marks the frequency f =11 GHz used
in further calculations. (c) Dependence of the wavenumber of the
slow modes, d and g, located predominantly in FM2, on the separa-
tion between films at frequency 11 GHz. (d)–(g) Mode profiles of mz :
(d), (g) slow and (e)–(f) fast modes, in the Py/FM2 bilayer separated
by a 10 nm non-magnetic gap at frequency 11 GHz [marked in (b)].
for gap widths s = 200 nm and s = 10 nm are presented in
Fig. 2(a) and (b), respectively. It is clear that for a 200 nm-
wide gap, the SW modes in Py and stripe almost do not in-
teract with each other: the calculated dispersion curve coin-
cides with the analytical dispersion curves of isolated Py and
4FM2 films calculated using [24, Appendix C.7]:
ω2 =ω0 (ω0+ωM)+
ω2M
4

1+e−2k d

, (5)
where d is the film thickness, ω = 2pi f is the angular fre-
quency of SWs ( f denotes the frequency), k is the wavenum-
ber,ω0 = |γ|µ0(H0+MSl 2k 2)[25], andωM = |γ|µ0MS.
The only visible difference occurs at frequencies above
14 GHz where we can see a hybridization between the fun-
damental SW mode and the first mode quantized across the
thickness, a so-called perpendicular standing SW [24, Ap-
pendix C.7]. This hybridization and perpendicular standing
SWs, however, are not considered in the analytical model.
At frequencies below 14 GHz the modes in bilayered struc-
ture can be classified according to their origin and group ve-
locity. The fast modes are related to SW dynamics in Py [see
Fig. 2(e) and (f)] and are characterized by steeper dispersion
(therefore higher group velocity) and longer wavelengths. In
contrast, the slow modes originating in FM2 [see Fig. 2(d)
and (g)] have lower group velocity and shorter wavelengths.
It is worth noting that the wavelengths of SWs in separated
layers do not depend on the direction of propagation, while
the dynamic dipolar coupling between SW modes in both lay-
ers combined with the nonreciprocal nature of surface SW
modes introduces asymmetry [26–28]. For s = 200 nm the
coupling is still very weak and at the frequency of 11 GHz that
is used in further analysis and marked with the white hori-
zontal line in Fig. 2(a), the fast and slow modes have wave-
lengths of 2660 nm and 590 nm, respectively, for both propa-
gation directions.
Reduction of the non-magnetic gap width to s = 10 nm
causes the modes of the individual films to interact much
more strongly. The wavelength of the slow modes decreases
significantly and their dispersion relation becomes strongly
nonreciprocal; at 11 GHz, slow modes propagating leftwards
have wavelength 390 nm and those propagating rightwards,
270 nm. Figure 2(c) shows that the asymmetry of the disper-
sion relation for slow modes grows as the films are brought
closer together.
B. Eigenmodes of finite-width stripes
The dependence of the eigenmode spectrum of isolated
finite-width FM2 stripe on their width is displayed in Fig. 3(a).
These calculations were made with FD-FEM for the first thirty
modes of stripes with widths up to 2800 nm (note that SW
wavelength in uniform Py films at 11 GHz is 2660 nm). As in-
tuitively expected, mode frequency decreases with increas-
ing stripe width. The horizontal dashed line in Fig. 3 marks
f = 11 GHz. It is visible that stripes of multiple widths sup-
port modes at this frequency. Profiles of three successive
modes (for stripes of width 656 nm, 936 nm, and 1200 nm)
are shown in Fig. 3(b)–(d). Successive resonances appear for
stripes of widths differing by approximately half of the wave-
length of the eigenmode of a homogeneous FM2 film, i.e.,
∆w ≈280 nm≈0.5λFM2.
Lateral mode confinement in a reciprocal medium leads
to formation of standing waves and quantization of the
wavenumber. The standing waves have the form exp(ikn x )+
exp(−ikn x ), where n is the mode index, kn = rnpi/w and rn =
936 nm656 nm 1216 nm
(a)
(b) (c) (d)
. . .
mn
0
4
Figure 3. (a) Dependence of the frequency of stripe modes on stripe
width. The dashed line marks the frequency f =11 GHz. (b), (c), and
(d) Profiles of modes supported by stripes of width 656 nm, 936 nm,
and 1216 nm at frequency 11 GHz.
n +δ (0 ≤ δ ≤ 1). For the Dirichlet (magnetic wall) bound-
ary conditions, with the dynamic magnetization vanishing at
the edges, we get rn = n +1, whereas for “free spins” at the
edges, rn = n . However, due to dipolar interactions, in mag-
netic stripes neither of these cases is correct and magnetiza-
tion is partially pinned at the stripe edges, 0<δ<1 [29]. This
can also be interpreted as the effective length of the waveg-
uide being slightly larger than the real one, or in terms of a
non-zero phase shiftϕ being experienced at the stripe edges
by the SWs forming the standing wave. Thus, resonances oc-
cur when the following condition is met:
k w +ϕ=pin , n =1,2,... (6)
According to this equation, successive resonances at fre-
quency 11 GHz should appear for stripes of widths differing
by ca. λ/2≈280 nm; this is confirmed by the FD-FEM calcu-
lations.
C. Phase shift of the reflected SWs
Before studying the influence of the stripe’s presence on
the SW reflection, let us first discuss SW reflection from the
edge of an isolated truncated film. According to Stigloher et
al. [30], dynamic dipolar interactions induce a phase shift be-
tween the incident and reflected SWs. This phase shift is a
natural consequence of the previously discussed dipolar pin-
ning occurring at the boundaries of thin ferromagnetic film
[29]. Interestingly, Verba et al. [31] have recently shown that
a phase shift may also be introduced by a polarization mis-
match between incident and reflected SW modes. Regardless
of the physical mechanism responsible for the phase shift, we
can extract its magnitude from steady-state solutions formed
far away from the edge.
The phase shift manifests itself in the resulting interference
pattern as a displacement of nodes with respect to the inter-
face from which the waves are reflected. If the interface is
located at x = x0 and the reflection coefficient is eiϕ , where
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Figure 4. (a) Incident and reflected plane waves at an arbitrary
time, and the intensity of the resulting interference pattern, in the
zero phase shift case, i.e., ϕ = 0◦. The dotted orange line and the
dashed blue line correspond to the incident and reflected plane
waves, respectively. The solid green line corresponds to the SW in-
tensity (time-averaged squared dynamic magnetization) of the in-
terference pattern. (b) The same for a phase shift of ϕ = 230◦, i.e.,
the value obtained for SW reflection from the edge of a semi-infinite
50-nm-thick Py film.
ϕ is the phase shift, the standing wave pattern sufficiently far
from the interface (at x  x0) will be
m (t ; x ) =Re

Ae−i2pi f t [eik (x−x0)+eiϕe−ik (x−x0)]
	
=a (t )cos[k (x −x0)−ϕ/2], (7)
where A and a (t ) are scaling coefficients independent of x .
The change in the standing wave pattern due to varying
phase shift is illustrated in Figs. 4(a) and (b).
In practice, we calculate ϕ by fitting the expression on the
right-hand side of Eq. (7) to a snapshot of mx on the symme-
try axis of the Py film obtained from micromagnetic or FD-
FEM simulations. To avoid distortions caused by evanescent
waves excited at the interface, only points lying at least one
stripe width to the left of the interface are taken into account.
The phase shift occurring at the edge of a 50-nm-thick Py
film at frequency 11 GHz is found numerically to be 230◦. The
resulting standing wave pattern is shown in Fig. 4(b).
D. Phase shift dependence on stripe width
The introduction of a stripe over the Py film edge locally
modifies the environment in which SWs propagate due to dy-
namic dipolar interactions between the film and the stripe.
In consequence, it influences also the phase shift of reflected
waves. The variation of this phase shift with stripe width at
frequency 11 GHz, calculated using FD-FEM, is plotted in
Fig. 5(a). In general, this phase shift, defined according to
Eq. (7) with interface defined at the left edge of the stripe, at
x0 = 0, grows steadily with stripe width, however with peri-
odic jumps by 360◦. These jumps occur approximately every
160 nm and are accompanied by an increase of the ampli-
tude of SWs in the Py film underneath the stripe, as shown
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Figure 5. (a) Phase shift of SWs at frequency 11 GHz as a function
of the stripe width, calculated by the FD-FEM. The stripe-film sep-
aration is s = 10 nm. Resonances (rapid changes of the phase shift,
marked with vertical dotted lines) appear periodically with a period
of ca. 160 nm. (b) SW amplification factor in Py below the stripe, ob-
tained by dividing the maximum of |mx | in the part of the film lying
below the stripe by the maximum of |mx | in the far field, i.e., further
than half of width of the Py layer to the left of the stripe. (c) Snapshot
of the dynamic magnetization mx in a plateau region (stripe width:
1270 nm). (d) Snapshot of the system in resonance at 11 GHz (stripe
width: 1350 nm). The red dashed lines in (c) and (d) denote the SW
wavelength in a uniform Py film at the same frequency.
in Fig. 5(b). In fact, at these stripe widths SWs are amplified
in the whole bilayer, indicating that a resonant mode of the
bilayer is excited. This can be seen by comparing snapshots
of mx for stripes of width 1270 nm (slowly changing phase
shift) and 1350 nm (rapidly changing phase shift) presented
in Figs. 5(c) and (d), respectively.
In addition to the enhancement of SW amplitude in the
bilayer, Fig. 5(c) shows that the SWs in the stripe and in
the underlying Py layer have approximately opposite phases.
In view of the profiles of the fast and slow modes shown
in Fig. 2(d)–(g), this indicates that the slow modes domi-
nate. The magnetization pattern in both layers is more com-
plex than that of a typical standing wave composed of two
counter-propagating waves with the same wavelength; in-
deed, as discussed in Sec. III A, the bilayer modes have an
asymmetric dispersion relation. For such a scenario, we can
generalize the resonance condition (6) to
(ku +kd )w +ϕl +ϕr =2pin , n =1,2,..., (8)
where ku and kd are the wavenumbers of right- and left-
propagating modes, and ϕl and ϕr are the phase shifts oc-
curring at the left and right interfaces of the stripe. For ku =
kd =k andϕr =ϕl this equation reduces to Eq. (6). Substitut-
ing here the wavelengths of the slow modes of a bilayer with
s =10 nm given in Sec. III A, we conclude that successive res-
onances should occur every 160 nm, which matches well the
results of FD-FEM calculations shown in Fig. 5.
6(c)
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Figure 6. (a) Phase shift of SWs at frequency 11 GHz as a function
of stripe width, obtained with micromagnetic simulations. (b) SW
amplification factor in Py below the stripe, defined as in Fig. 5(b).
(c) Snapshot of the dynamic magnetization mx in a system without
a resonance at 11 GHz (stripe width: 1270 nm). (d) The same in a
system with a resonance at 11 GHz (stripe width: 1350 nm). The red
dashed lines in (c) and (d) denote the SW wavelength in a uniform
Py film at the same frequency.
We have cross-checked these results against micromag-
netic simulations made with a finite damping coefficient α=
0.0001, see Fig. 6. Due to computational demands, these have
been performed for a narrower range of stripe widths, 0–
490 nm, 1000–1650 nm, and 2350–2720 nm, encompassing
several resonances. The obtained results are consistent with
those of FD-FEM calculations: the positions of resonances
are the same as obtained by FD-FEM and the slope of the
curve in intermediate regions is virtually identical. The al-
most perfect alignment of those results obtained by two dif-
ferent numerical methods confirms their correctness.
Snapshots of mx in systems with stripes of width 1270 nm
and 1350 nm are displayed in Fig. 6(c) and (d), respectively.
The former does not have a resonance at the chosen fre-
quency, whereas the latter does. The obtained magnetization
patterns are qualitatively similar to those calculated by FD-
FEM [Figs. 5(c) and (d)].
E. Two-mode model analysis
As discussed above, the plot of the phase shift vs. stripe
width [Fig. 5(a)] shows areas of slow but steady growth sepa-
rated by sharp resonances. The resonances are not identical:
some, such as those at n =7 and n =9, are broader than oth-
ers. These and other features can be explained by considering
a semi-analytical model introduced below.
Wave scattering on the interface x = 0 separating the film
and the bilayer (see Fig. 1) can be described by a scatter-
ing matrix S linking the complex amplitudes of the incoming
and outgoing modes on both sides of the interface. If both
parts are sufficiently long for the amplitudes of all incoming
evanescent modes to be negligible, the amplitudes of the out-
going propagative modes are given byd1u2
u3
=S
u1d2
d3
≡
S11 S12 S13S21 S22 S23
S31 S32 S33
u1d2
d3
. (9)
Here, u1 and d1 are the amplitudes of the right- and left-
propagating modes of the Py film, u2 and d2 are the ampli-
tudes of the right- and left-propagating slow modes of the bi-
layer, and u3 and d3 are the amplitudes of the right- and left-
propagating fast modes of the bilayer (see dispersion relation
shown in Fig. (2). All these amplitudes are measured at the in-
terface between the film and the bilayer. The elements of the
scattering matrixS can be calculated using the finite-element
modal method [23]. At 11 GHz, their numerical values are
S=
 0.100−0.011i 0.135+0.016i 0.986+0.008i−0.104−0.168i −0.290+0.929i 0.035−0.113i
0.975−0.023i 0.119+0.143i −0.118−0.0273i
 (10)
(these values are obtained for modes normalized to carry unit
power, with the phase at the interface chosen so that mx is
real and positive on the symmetry axis of the Py layer). It can
be seen that the film mode is coupled primarily with the fast
mode of the bilayer. The slow bilayer mode is strongly re-
flected. There is only weak, though non-negligible, coupling
between the fast and slow bilayer modes.
Likewise, the interface x = w between the bilayer and the
vacuum can be described by a scattering matrix S′:
d ′2
d ′3

=S′

u ′2
u ′3

≡

S ′22 S ′23
S ′32 S ′33

u ′2
u ′3

. (11)
Here, u ′2 and d ′2 are the amplitudes of the right- and left-
propagating slow modes of the bilayer, and u ′3 and d ′3 are
the amplitudes of the right- and left-propagating fast modes
of the bilayer, all measured at the bilayer-vacuum interface
(hence the prime, used to distinguish them from the ampli-
tudes measured at the film-bilayer interface). The numerical
values of these scattering coefficients calculated at 11 GHz
are
S′=
−0.043+0.975i −0.103+0.190i
0.189+0.105i −0.561−0.799i

. (12)
Both modes are strongly reflected and there is only weak
cross-coupling.
Mode amplitudes at the two interfaces are linked by
u ′i =exp(iki u w )ui ≡Φi u ui , (13a)
di =exp(−iki d w )d ′i ≡Φi d d ′i , i =2,3, (13b)
where ki u and ki d are the wave numbers of the right- and left-
propagating modes, numerically determined to be k2u =16.2,
k3u =2.22, k2d =−23.1 and k3d =−1.90 rad/μm.
Together, (9), (11) and (13) form a system of nine equations
for as many unknown mode amplitudes (the amplitude u1 of
the mode incident from the input film is treated as known).
To obtain an intelligible expression for the reflection coeffi-
cient r ≡d1/u1, it is advantageous to start by eliminating the
7amplitudes u3, d3, u
′
3 and d
′
3 of the fast bilayer mode, which
is only weakly reflected at the interface with the Py film and
hence will not give rise to strong Fabry-Perot-like resonances.
This mimics the approach taken by Lecamp et al. [32] in their
model of pillar microcavities. This reduces the second row of
Eq. (9) and the first row of Eq. (11) to
u2 = S˜21u1+S˜22d2, (14a)
d ′2 = S˜ ′22u ′2+S˜ ′23Φ3u S31u1, (14b)
where
S˜21 S˜22
≡ 1
1−κS23Φ3d S ′32Φ2u
S21+κS23Φ3d S ′33Φ3u S31 S22+κS23Φ3d S ′33Φ3u S32

,
(15a)
S˜ ′22 S˜ ′23
≡ 1
1−κS ′23Φ3u S32Φ2d

S ′22+κS ′23Φ3u S33Φ3d S ′32 αS ′23

(15b)
and
κ≡ (1−S33Φ3d S ′33Φ3u )−1. (16)
The fast bilayer mode is only weakly reflected at the interface
with the film: |S33|≈0.121. Therefore multiple reflections of
the fast mode at bilayer interfaces do not give rise to strong
Fabry-Perot resonances and the coefficientκ remains close to
1 for all bilayer lengths. Together with the fact that the cross-
coupling coefficients S23, S32, S
′
23 and S
′
32 are small, this means
we can expect the scattering coefficients with a tilde defined
in Eq. (15) to be well approximated by
S˜21 S˜22
S˜ ′22 S˜ ′23

≈

S21+S23Φ3d S ′33Φ3u S31 S22
S ′22 S ′23

. (17)
Solving the equations remaining after elimination of the
amplitudes of the fast mode for the amplitudes of the slow
mode and substituting the resulting expressions to the for-
mula for d1 in the first row in Eq. (9), we arrive at the following
formula for the reflection coefficient:
r ≡d1/u1 = (a +βb ), (18)
where
a ≡S11+S13Φ3dκS ′33Φ3u S31, (19a)
b ≡S12Φ2d (S˜ ′22Φ2u S˜21+S˜ ′23Φ3u S31)
+S13Φ3dκ

S ′33Φ3u S32Φ2d (S˜ ′22Φ2u S˜21+S˜ ′23Φ3u S31)
+S ′32Φ2u (S˜21+S˜22Φ2d S˜ ′23Φ3u S31)
 (19b)
and β represents the effect of multiple reflections of the slow
mode:
β ≡ (1−S22Φ2d S ′22Φ2u )−1. (20)
To facilitate the interpretation of Eqs. (18)–(20), the scattering
coefficients with magnitude much smaller than 1 have been
underlined.
It can be seen that the reflection coefficient r is made up
of two terms. The first, a , is dominated by the phase shift ac-
quired by the fast mode of the bilayer during a single round-
trip across it. This term produces the slow but steady in-
crease of the phase shift visible in Fig. 5(a) (also in Fig. 7).
The second term, βb , is proportional to b , which is a su-
perposition of six small terms, each containing a product of
two scattering coefficients of small magnitude. Therefore βb
has an appreciable effect on the reflection coefficient b only
when the factor β , representing the combined effect of mul-
tiple reflections of the slow mode on both ends of the bi-
layer, is much greater than 1. This happens at stripe widths w
corresponding to Fabry-Perot resonances of the slow mode,
where [argS22+argS ′22+(k2u +k2d )w ] is a multiple of 2pi, jus-
tifying the postulated resonance condition Eq. (8). Since b is
a combination of multiple terms of similar magnitude, its de-
pendence on the stripe width is rather complicated. This ex-
plains the variability of the shapes of individual resonances
in Fig. 5(a) [also in Fig. 7(a)].
To confirm this interpretation of the role of the various
terms in Eq. (18), let us visualize and compare the effects of
applying successively stronger approximations to it. In Fig. 7,
the black symbols show the variation of the phase of the re-
flection coefficient obtained directly from numerical calcu-
lations made with the finite-element modal method [in close
agreement with the FD-FEM results from Fig. 5(a)]. The red
solid curve in 7(a) shows the phase of the reflection coeffi-
cient calculated from Eq. (18). The only approximation made
in its derivation was to neglect evanescent coupling between
the left and right end of the bilayer; clearly, this approxima-
tion is very well satisfied everywhere except for stripes nar-
rower than 250 nm. The blue dashed curve in 7(a) shows the
effect of applying the approximation (17) and setting κ to 1
in the formula (19b) for b (but not in the formula (19a) for a ).
This corresponds to neglecting terms proportional to prod-
ucts of more than two small scattering coefficients; the result-
ing curve is almost indistinguishable from the previous one.
Neglecting the second term βb in Eq. (18) produces the red
solid curve in 7(b). The resonances are gone, but the long-
term increase in phase shift with stripe width is still repro-
duced faithfully. Finally, the blue dashed curve in 7(b) shows
the result of approximating κ by 1 also in the formula (19a)
for a . Its small deviation from the red curve confirms the mi-
nor role played by multiple reflections of the fast mode.
F. Phase shift dependence on the layer separation
In Sec. III A we observed that the separation influences
the strength of the dynamical dipolar coupling between the
infinitely wide stripe and Py film. It affects the SW disper-
sion relation, especially the wavelengths of the slow modes
propagating leftwards and rightwards. Therefore, according
to Eq. (8), by varying separation s , and hence ku and kd , while
keeping the stripe width w constant, it should be possible to
sweep over resonances of different orders n . Indeed, we have
found multiple resonances in dependence of the phase shift
on separation s for a stripe of width w = 1676 nm, as shown
in Fig. 8.
Resonances do not appear periodically; the spacing be-
tween subsequent Fabry-Perot resonances increases with the
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(b)
Figure 7. Comparison of the reflection coefficient phase calculated
numerically using the finite-element modal method FD-MM (black
points) with the semi-analytical model from Eq. (18) at varying de-
grees of approximation (color lines on both subplots). Details in the
plot’s legends and in the text.
altitude of the stripe, and for the chosen stripe width the
last resonance occurs at the separation s = 106 nm. This is
because with increasing s the coupling between the Py film
and the stripe weakens and the wavenumbers ku and kd ap-
proach their asymptotic limits. Snapshots of the magnetiza-
tion at the resonances found at separations 10 nm, 28 nm,
50 nm and 106 nm are shown in Figs. 8(c)–(e). These figures
demonstrate a clear enhancement of the SW amplitude be-
low the stripe and a decrease in the number of nodal point
with increasing separation, in line with the shift of the disper-
sion relation of the slow mode towards smaller wavenumbers
shown in Fig. 2(c).
Combining the Fabry-Perot resonance condition, Eq. (8),
with the numerically calculated dispersion relations and set-
ting ϕl +ϕr to the fitted value of 0.12+ 2pin , we calculate
the dependence of n on the separation between the stripe
and the Py film, plotted with the red line in Fig. 9. In the
range from 106 down to 5 nm, we find six integer values of n ,
corresponding to successive resonances. These values agree
well with the results of FD-FEM calculations, where six res-
onances, marked with black points in Fig. 9, are detected in
that range of separation.
IV. CONCLUSIONS
We have studied theoretically the influence of a narrow fer-
romagnetic stripe of subwavelength width placed at the edge
of a ferromagnetic film on the phase shift of reflected SWs. At
(c)
(a)
(b)
(c)
(d)
(d)
λPy
(e)
(e)
 s = 106 nm
 s = 50 nm
 s = 10 nm
 s = 28 nm
(b)
Figure 8. (a) Phase shift dependence on the separation between the
FM2 stripe and Py film, calculated by the FD-FEM. (b)–(e) Snapshots
of the dynamic magnetization mx at separations 10 nm, 28 nm,
50 nm and 106 nm, corresponding to the resonances marked in plot
(a). The dashed red lines mark the SW wavelength in the Py film.
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101
102
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ra
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17 nm
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5.5 nm
106 nm
50 nm
28 nm
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resonances, FD-FEM
Figure 9. Red line: dependence of the resonance index n calculated
from Eq. (8) on the separation s , with ϕl +ϕr set to the fitted value
0.12+2pi. Resonances are predicted to occur at integer values of n .
Black circles: positions of resonances found in FD-FEM calculations
shown in Fig. 8.
the considered frequency (11 GHz) the bilayer formed by the
film and the stripe supports two pairs of slow (short wave-
length) and fast (long wavelength) guided SW modes prop-
agating in opposite directions; these modes couple with the
SW mode of the Py film. This allowed us to interpret the nu-
merical results by modelling the system as a series of waveg-
uides linked by junctions at which waveguide modes are scat-
tered into each other.
We have found a strong nonlinear dependence of the phase
shift on the stripe width. We showed that the reflection coef-
ficient, from which the phase shift can be derived, consists
9of two terms, each having a different origin. One produces
a slow but steady increase of the phase shift with increas-
ing bilayer width and is dominated by the phase accumu-
lated by the fast mode during a single round-trip across the
bilayer. The other term has an appreciable effect on the re-
flection coefficient only when multiple reflections of the slow
mode on both edges of the bilayer interfere constructively,
which corresponds to Fabry-Perot resonances of this mode.
Interestingly, the incoming wave from the Py film couples
strongly only to the fast mode, but at Fabry-Perot resonances,
the phase of the reflected SW is controlled by the weakly cou-
pled slow mode. These results demonstrate that the bilayered
part of the system, whose width in the examples studied in
this paper is much lower than the SW wavelength in the iso-
lated Py film, can be treated as a subwavelength resonator.
We have also found that the phase shift of the reflected
SW passes through a series of resonances as the separation
between the stripe and the Py film is increased. This unex-
pected effect originates from the dependence of the wave-
length of the slow SW in the bilayer on the strength of the
dipolar coupling between the two layers. As a result, the bi-
layer width at which the resonance Fabry-Perot condition is
satisfied changes with the coupling strength as well, giving
rise to the separation-dependent resonances.
Overall, this research shows that SW Fabry-Perot res-
onators can be used to modify the phase of reflected SWs in a
wide range by tiny changes of the bilayer part width or stripe-
film distance. This is significant for the further development
of magnonic devices where SW phase control is of key impor-
tance, in particular in integrated systems with components
smaller than the SW wavelength. This may include the use of
arrays of resonators in tunable SW optical elements, such as
lenses, magnonic metasurfaces and phase shifters, as well as
the sensing applications of magnonics, for example the de-
velopment of magnonic counterparts of sensors utilizing sur-
face plasmon resonances.
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Appendix A: Micromagnetic simulations
Micromagnetic simulations were performed in the
mumax3 environment [20] for the same magnetic param-
eters and geometry as described in Sec. II and damping
α = 0.0001. The simulated structure was discretized on a
mesh consisting of regular 5×100×5 nm3 unit cells. In order
to model a infinite film along the y axis, we have used the
periodic boundary conditions along the y axis with assumed
1024 repetitions of the system along the y axis.
After stabilizing the system with a magnetic field of value
0.1 T applied along the y axis, SWs were excited in the film
by a local source of microwave-frequency magnetic field of
frequency 11 GHz and amplitude 0.1 mT placed at 3.6 μm
from the right edge. To prevent wave reflections from the left
edge of the film, an absorbing zone with gradually increasing
damping was defined on the left side of the system. A contin-
uous harmonic SW excitation was maintained for 162.6 ns in
order to reach a fully evolved (steady-state) interference pat-
tern of the incident and reflected waves.
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